We prove that every 4-coloring of [n] with each color class having cardinality more than n+1 6
Introduction
In 1916, Schur [14] proved that for every k and sufficiently large n, every k-coloring of [n] := {1, . . . , n} contains a monochromatic solution of the equation x + y = z. More than seven decades later, Alekseev and Savchev [1] considered what Bill Sands calls an un-Schur problem [5] . They proved that for every equinumerous 3-coloring of [3n] (i.e., a coloring in which different color classes have the same cardinality), the equation x + y = z has a solution with x, y and z belonging to different color classes. Such solutions will be called rainbow solutions. E. and G. Szekeres asked whether the condition of equal cardinalities for three color classes can be weakened [16] . Indeed, Schönheim [13] proved that for every 3-coloring of [n] , such that every color class has cardinality greater than n/4, the equation x + y = z has rainbow solutions. Moreover, he showed that n/4 is optimal.
Inspired by the problem above, the third author posed the following conjecture at the open problem session of the 2001 MIT Combinatorics Seminar [6] , which was subsequently proved in [7] .
Theorem 1 (Conjectured in [6] , proved in [7] .) For every equinumerous 3-coloring of [3n], there exists a rainbow AP (3) , that is, a solution to the equation x + y = 2z in which x, y, and z are colored with three different colors.
Basically Theorem 2 states that every 3-coloring of the set of natural numbers with the upper density of each color greater than 1/6 admits a rainbow AP (3) .
Based on the computer evidence and the intuitive belief that the finite version of Theorem 2 should be true as well, Fox et al. [6] posed as a conjecture the following stronger form of Theorem 1, which has been recently confirmed by Axenovich and Fon-Der-Flaass [2] .
Theorem 3 (Conjectured in [6] , proved in [2] .) For every n ≥ 3, every partition of [n] into three color classes R, G, and B with min(|R|, |G|, |B|) > r(n), where r(n) := (n + 2)/6 if n ≡ 2 (mod 6) (n + 4)/6 if n ≡ 2 (mod 6)
contains a rainbow AP (3).
The following coloring of N:
contains no rainbow AP (3) and min(R c (n), G c (n), B c (n)) = (n + 2)/6 , hence showing that Theorem 2 is the best possible. Clearly, for n ≡ 2 (mod 6), this coloring shows that Theorem 3 is tight as well. As for the remaining case (when n = 6k + 2 for an integer k), one defines a coloring c as follows:
Theorem 3 is considered to be the first "rainbow" counterpart of van der Waerden's theorem [17] in Ramsey theory which states that for every k and t, if n is sufficiently large, then every k-coloring of [n] contains a monochromatic t-term arithmetic progression.
There are many directions and generalizations one can consider, such as searching for rainbow counterparts of other classical theorems in Ramsey theory [4, 8] , increasing the number of colors or the length of a "rainbow" AP , or proving the existence of more than one rainbow AP . Some positive and negative results in these directions were obtained in [6] .
In this paper, we study one such direction and consider the existence of rainbow solutions to other linear equations, imitating Rado's theorem about the monochromatic analogue [12] .
Rado [12] called the rational matrix A (or the system Ax = 0) k-partition regular if there exists an n for which every k-coloring of [n] has a monochromatic solution to the system of linear equations Ax = 0. Furthermore, A is called partition regular if it is k-partition regular for all k. Rado's theorem completely determines the matrices (or systems) which are partition regular. A special case of this theorem states that a set (row vector) A = {a 1 , a 2 , . . . , a k } of integers is partition regular if and only if there exists a subset A ⊂ A such that a∈A a = 0.
In particular, "the Sidon equation" x+y = z +w, a classical object in additive number theory [3, 11, 10] is partition regular. In this note, we prove a rainbow analogue of this result.
Theorem 4 Every coloring of [n] in four colors: red, blue, green and yellow, such that min{|R|, |B|, |G|, |Y|} > n + 1 6
contains a rainbow solution of x + y = z + w. Moreover, this result is tight.
Proof of Theorem 4
We prove Theorem 4 for n ≥ 42. The other cases can be easily done by hand with some careful case analysis. We say that there is a string s in the coloring c if there is s at some position i. There is no s in c if there is no s at any position i. We call a string bichromatic if it contains exactly two colors. A bichromatic string is complete if it cannot be extended and still be bichromatic; that is, a bichromatic string s of length m at a position i is complete if exactly one of the following is true:
Since c does not contain a rainbow solution to the equation
In what follows, this observation will be denoted as the rainbow quadruple (Q-)property.
A particular color is called dominant if every bichromatic string contains that color. The first step in our proof is to show that one of the colors in c is dominant. Clearly, this color will be unique.
Lemma 1 Every 4-coloring
Proof: The number of complete bichromatic strings in c is at least 2. Hence, consider the first two such strings. If all four colors are present in these strings, then the colors of the first bichromatic string appear in consecutive positions, and the colors of the second bichromatic string are consecutive somewhere. Therefore, we obtain a contradiction by the Q-property for d = 1. Now, suppose the first two complete bichromatic strings share a common color. Without loss of generality, assume that the first bichromatic string contains colors R and B, and the second bichromatic string contains colors R and Y . In particular, R and B, as well as R and Y , occur next to each other. There exists at least one element of [n] colored by G, and this element is contained in a bichromatic string. If the other color in the string is B (Y ), then G and B (Y ) appear next to each other within this string. Since R and Y (B) are consecutive, we have a contradiction by the Q-property with d = 1.
So, every bichromatic string that contains G also contains R. Finally, suppose there is a bichromatic string with colors B and Y . Then B and Y appear next to each other, and since G and R appear next to each other as well, we obtain a contradiction with the Q-property for d = 1. We conclude that every bichromatic string contains R, and, therefore, R is the dominant color. 2
Note that here we did not even use the condition on the minimum of the color class cardinalities; hence, Lemma 1 holds for all 4-colorings c : [n] → {R, G, B, Y }, without rainbow solutions to x + y = z + w. Now, we can assume that R is the dominant color in c. Let d be the minimum distance between two differently colored non-red integers, that is
Note that because R is the dominant color, we have d ≥ 2. Furthermore, min(|R|, |B|, |G|, |Y|) > Hence, every complete bichromatic string with colors R and G has the above structure: it is d-periodic with exactly one element colored by G within every substring of length d. Moreover, from c(g − d) ∈ {B, Y } and g − d = i − 1, it follows that we can assume, without loss of generality, that there exist two elements of [n], distance d apart, that are colored by G and, say Y , respectively. The previous argument then implies that every complete bichromatic string with colors R and B, has the above mentioned structure: it is d-periodic with exactly one element colored by B within every substring of length d.
In particular, since R is the dominant color, we obtain:
Lemma 2 There is no GG nor BB in the coloring c.
Now, the following claim is clear:
Lemma 3 String Y Y appears in the coloring c.
Indeed, otherwise, by Lemma 2, there would be no monochromatic strings of length at least two, and of color B, G, or Y . Then, at least one in every pair of consecutive integers in [n] would be colored by R. Therefore, |R| ≥ Therefore, if there is no GRG nor BRB in the coloring c, then at most one integer in every string of length four can be colored by B or G. We obtain |G| + |B| ≤ 6 . This violates our condition on the minimum of color class cardinalities, and, thus, we have the following: Lemma 6 At least one of the strings GRG and BRB appears in the coloring c.
Let i, i + 1, . . . , i + k be the elements of a monochromatic yellow string in c. By Lemma 3, we have k ≥ 1. Let S = {|b − g| | b ∈ B, g ∈ G}. Let s ∈ S and let l be an integer such that 1 ≤ l ≤ k and i + s + l ≤ n. Then, by the Q-property, integers i + s, i + s + 1, . . . , i + s + l are not colored by R. Using Lemma 2 and the dominance of color R, we conclude that each of the integers i + s, i + s + 1, . . . , i + s + l is colored by Y . Similarly, if s ∈ S satisfies i − s ≥ 1, then each of the integers i − s, i − s + 1, . . . , i − s + k is colored by Y . Hence, every monochromatic yellow string of length at least two is s-repetitive in [2, n − 1], that is, it repeats after every s positions, for every s ∈ S. Now, let t ∈ B∪G such that |t− n 2 | is a minimum. By the symmetry of colors G and B so far in our proof, we may assume, without loss of generality, that t ∈ B. Lemma 4 and min(|G|, |B|) > n+1 6
imply that |t −
. Since
12 for n > 40, then there exist two integers g 1 , g 2 ∈ G ∩ T such that 2 ≤ r = g 2 − g 1 < 12. Since |g 1 − t| < n 2 , |g 2 − t| < n 2 and every monochromatic yellow string of length at least two is |g 1 − t|repetitive, as well as |g 2 − t|-repetitive, then every monochromatic yellow string of length at least two is also r-repetitive, where r < 12.
Next, consider a monochromatic yellow string in c of the maximum length, say m + 1. Then, this string repeats after every r < 12 positions. Clearly, m ≤ 10, since otherwise every integer in [n] would be colored by Y . By Lemma 6, we may assume, without loss of generality, that there exists a GRG string at position i in the coloring c. Now, there exists an integer a with |a| < 12, such that c(i + a) = c(i + a + 1) = · · · = c(i + a + m) = Y . We may assume that a ≥ 3; the case when a is negative is handled in a similar fashion. Now, for every l ∈ {a − 2, a − 1, a, . . . , a + m}, there exist two integers in [n] , that are distance l apart and colored by G and Y respectively.
Consider an integer b ∈ B. If b ≥ 22, then b − l ≥ 1 for every l ∈ {a − 2, a − 1, a, . . . , a + m}. Then, by the Q-property, b − l cannot be colored by R. So, by Lemma 2 and the dominance of color R, we conclude that b−l must be colored by Y , for every l. However, then there is a monochromatic yellow string of length m + 3 > m + 1, which contradicts the maximality of m.
Likewise, if b ≤ 22, then, since n ≥ 42, b + l ≤ n for every l ∈ {a − 2, a − 1, a, . . . , a + m}, and b + l must be colored by Y . Then, again, there is a monochromatic yellow string of length m + 3 > m + 1, which contradicts the maximality of m.
In order to finish the proof of Theorem 4, we present a 4-coloring of [n] with the minimum size of a color class equal to n+1 6 and no rainbow solutions to x + y = z + w:
Concluding remarks
• It is curious to note that the minimal "density" for the color classes is 1 6 in Theorem 4, as well as in Theorem 3. It is also interesting to note that the dominant color exists when one studies the existence of rainbow solutions to equations x + y = 2z or x + y = z in the 3-colorings of [n] . The dominant color property was first noticed and used in the proof of Theorem 2 [6] and later in the proof of Theorem 3 [2] . For what other systems of equations does a rainbow-free coloring, under certain cardinality constraints, must have a dominant color?
• Theorem 4 is not the first Rado-type result for rainbow solutions of linear equations in literature. Fox et al. [6] used classical and new tools from additive number theory [9] to prove that almost every 3-coloring of Z p has rainbow solutions for almost all linear equations in three variables. Moreover, they classified all the exceptions.
Theorem 5 [6] Let a, b, c, e ∈ Z p , with abc ≡ 0 (mod p). Then every coloring of Z p = R ∪ B ∪ G with |R|, |B|, |G| ≥ 4, contains a rainbow solution of ax + by + cz ≡ e (mod p) with the only exception being the case when a = b = c =: t and every color class is an arithmetic progression with the same common difference d, so that d −1 R = {i}
, where (a 1 + a 2 + a 3 ) ≡ t −1 e + 1 or t −1 e + 2 (mod p).
In [6] , they also propose the study of m(n), the largest integer m for which there is a rainbowfree 3-coloring c of Z n with |R|, |G|, |B| ≥ m, and provide several partial results and exciting conjectures.
• A search for a rainbow counterpart of the Hales-Jewett theorem, though an exciting possibility, led to some negative results [6] .
• The question of rainbow partition regularity is an interesting one. It would be exciting to provide a complete rainbow analogue of Rado's theorem which classified the partition regular matrices [12] . Theorem 4 is a small step in this direction.
We say a vector is rainbow if every entry of the vector is colored differently. A matrix A with rational entries is called rainbow partition k-regular if for all n and every equinumerous k-coloring of [kn] there exists a rainbow vector x such that Ax = 0. We say that A is rainbow regular if there exists k 1 such that A is rainbow partition k-regular for all k ≥ k 1 . For example, Theorem 4 shows that the following matrix is rainbow partition 4-regular:
We let the rainbow number of A, denoted by r(A), be the least k for which A is rainbow partition k-regular. It is not difficult to see that every 1 × n matrix A with nonzero entries is rainbow partition regular if and only if not all the entries in A are of the same sign. It would be interesting to study the rainbow number r(A).
Furthermore, we somewhat boldly conjecture the following characterization of the rainbow regularity.
Conjecture 1 Matrix A with integer entries is rainbow regular if and only if the rows of A are linearly independent and there exists a vector u with positive integer entries such that Au = 0.
Fox et al. [6] also prove that for every k ≥ 3, • One way to generalize Theorems 1 and 3 is to increase the number of colors and the length of a rainbow AP . Axenovich and Fon-Der-Flaass [2] came up with a construction for k ≥ 5, that no matter how large the smallest color class is, there is a k-coloring with no rainbow AP (k). However, the case k = 4 is still unresolved.
Problem 1 Is it true that for sufficiently large values of n every equinumerous 4-coloring of [4n] contains a rainbow AP (4)?
Axenovich and Fon-Der-Flaass [2] provide a coloring c of [n], where n = 10m + 1 with the smallest color class of size (n − 1)/5 and no rainbow AP (4). This improves the previously known coloring [6] , where the smallest color class had size n+2 6
.
Sicherman [15] has found equinumerous 4-colorings of [n] for n ≤ 60 without rainbow AP (4). One such coloring for n = 60 is shown below.
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